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Some aspects of two-phase film mass transfer in the absence of mass forces are examined. The results are

novel in that the parametric equations contain expressions which take into account the physical properties
of the contact phases.

Quite a few papers [1-10] have been devoted to the theory of film adsorption. A number of interesting conclusions
have been drawn and applied with success to the analysis of all kinds of processes in two-phase film mass and heat
transfer.

Film mass transfer in the absence of mass forces is described by a system of partial differential equations: the
equation of motion of the liquid film and the gas and the equation of convective diffusion of the dispersoid.

For y < 6 the motion of a liquid film é on a horizontal plane is described by the Prandtl boundary layer equation

(1) Olt(1)/0X + Uy(1 Uix(1 /0y = v Pulx(3)/ 017, 1
Oy 1)/0x 4 Ovygy/dy = 0. (2)
For y > & the motion of the gas is described by the same Prandtl equation
Uy Ounig)/0x 4 vyg) Ottxg/Oy = vgOPuxg/0y?, (3)
Ottg)/0x -+ Ovyg) /0y = 0. 4
The equation of convective diffusion is
Uy (1) 0c/0x - vy(1y Oc/dy = Dy Pc/0y>. (5)
The boundary conditions are
y=0, 1)y =) =0, c=cy; (6)
Y=3, Ugl) = U@, C=Cy (7
Yy =38, py0uy1)/0y = pglvy@/0y, Y—> ©, U= ls. (8)

It is required to solve equations (1)-(4) together with boundary conditions (6)(8).

Let us introduce the stream functions for the liquid and the gas:

by =f(n) V"gumx: ‘Pg: G(Vl)l/vg”m X; 9
=y Vuulgx . : (10)

In accordance with (9) and (10), the velocity components take the form
uxyy = 0491/0y, vyy) = —091/0%, uxg = 0Ugly, vyg = — 9 ¢glox. (1D

In terms of the new variables, Egs. (1)-(8) become

[+ (g/2) [I" =0, (12)
G” 4+ (1/2)GG" = 0, (13)
1=0, f(0)=f(0)=0, (14)
=1, [(0)=0(), rif (1;)=rpgC" (n;), (15)
M—> o0, G(0)=1. (16)
The solution of (13) with conditions (15) and (16) has the form
G(m) ~F(n—1), (17
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where y is a constant which must be determined with the help of (15) and (16)

It is known that a solution of (12) and (13), taking into account (17), may be sought in series form
fn) = Y1 /Vg[a“’lz/Q —a?®/2.51 + 11a%0%/2%- 81— .. ],
G(n) = Fy + (Fu/2) (1 — VP — (PuFu/2-30) (n — v + ...

At comparatively small distances from the wall these equations take the form

() = (vgorvg2)?, G(n)=F, -+ (Fu/2)(n— V). (18)
The constants o, y are found from boundary conditions (14), (15), and (16):
a = (vgvy 2 (ogl01) Fo, v = 1 (1 —pglug). | (19)

Since ug > ug, Y =10g-
Values of Fr, at small distances from the wall are equal to 0.332 [11].

Knowing the relation f(n) and hence the velocity distribution in the liquid film, we may solve the convective
transfer equation (5) for film mass transfer.

Let
U1y = e f(0), Vy(t) = (1/2) (e vg/x) = [ f (1) — F ()} (20)

With these values of the velocity components Eq. (5) may be satisfied if the concentration is a function of n alone.
In fact, if we put

o= — (e — ) B (),
then Eq. (5) becomes

d*6/d? 4 (vg/2D1 ) f(m)yd 8/dn = 0. 21
The boundary conditions are:
n=0, B() =0, 77, 0(n)= 1. (22)
Then Eq. (21) takes the form
7 e
6(n) = B(Pr) | exp[—(g/2D1) | f(t)dE]dt. (23)
8 b

Let us evaluate B(Pr) approximately. We substitute values of f(£), o, andng given respectively by (10), (20),
and (22).

We obtain

k
B(Pr) = j exp (— ¥ d o,
0

where
b~ 5.21(Fu/12) Pry (ugle ) (V/¥g) 17

Let us evaluate the upper limit of the integral as applied to a film scrubber for absorption of sulfur dioxide from
annealing furnace gases using water: '

Vg=1.16 kg/m®, y; = 1000 kg/m’, pg=0.02 cp,
pp = 1 cp, Pl‘z = 10°— 10

In this case the upper limit of the integral is greater than unity. Since the integrand diminishes very rapidly for
values of the argument greater than unity, it may be replaced by infinity. Direct computation of the integral 8(Pr)
leads to the same result:

g’ [exp (— x)/x*/2] dx = y(1/3, w),
5
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where

U= (F;/IQ) Pl‘l (p‘g/p- l‘)2 ('Yl/Yg)

For the above example of absorption of sulfur dioxide by water, at large values of u the incomplete gamma func-
tion (y) differs from its values for infinity by approximately 4%, which is quite acceptable in engineering calculations.

The diffusion flux at a horizontal surface has the form
=Dy (ci—c) B (Pr) Vitalvgr.
At large Pr numbers B(Pr), taking account of [11], has the form
B(Pr) = (1/2.9) Pr's (ug/p 1)+ (01/pg)">.
The diffusion flux at large Pr numbers is then
j = (D1/2.9)(c1— co) Pr/s (g1 )/s (p1 /og) /> V th/vg% . (24)
From (24) the diffusion layer § is calculated thus:
178 = Pr'/s (2.9Y (uglp 1) (1 /og)/» V tal vg.
Taking into account that the dynamic layer on the plate
80 ~ ]/[\)gX/um ’
we have
8o = 8 P1's (ng/ieg /> (p1/pg)"-.

Thus the relations between the dynamic 6, and the diffusion & layers of single- and two-phase flows differ by an
amount (pg/p1)"*(py/pg”>.

This conclusion agrees with experimental data for mass transfer in bubbling [13].

The total flux to the plate has the form
Taif = | jdxdz = b+ (5.8) D (e — &) Pr's X (ug/p )7+ (o 1/og)s V trmivg,
or in criterial form _
Nu = 0.12Re's Pr'/s (ng/n1)¥> (p; /pg) 2. (25)
According to (20), the velocity at the phase boundary is
iy = o (nglp 1) Fio B Vitealvp .
Since &, ~ ]/W the velocity

U, = Al (pg/p7). (26)

For laminar motion of the film and the transverse velocity distribution given by (26), the convective diffusion
equation has the form

u0c/0x = Ddc/0y”. 27
With the boundary conditions:
when ¥ =0 c=rc¢,, when y > ¢=0 (28)
Eq. (27) has the solution:
b
c=(2,/Vr) § exp(— 2% dz,
g

where
b = (4/2) [(Auw/Dx) (pg/n-1)] -

The formula for the diffusion flux density on the plate surface is

j = D(dc/dy)y=0 = ¢,V (ADualxpghn 1).
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The effective thickness of the diffusion layer is
5= Dey/j =V wDxp /Al pg.
The total flux at the surface of a liquid film of width b and length I is
I = cbV iDlunApgieny -
The criterial equation of film mass transfer is then
Nu =V 4475 Pe”* (ng/ny)"2. (29)

Equation (29) is novel in that it takes into account the physical properties of the contact phases. This equation
coincides in form with the equation obtained experimentally and theoretically for mass transfer in bubbling [13].

Let us represent the stream functions for the gas and the liguid as
‘ b =F @V viugx, 9g=G(n)Vugrgx.
Then the normal and tangential velocity components become
ux1y =0 $1/0y, vy(py = —0¢1/0x,
Uy = a@g/(?y, Uy = — 0 bg/0y.
We substitute these velocities in (1)-(8) to obtain |

7+ (1/2)ff" =0, G” +(1/2)GG" = 0 (30
with boundary conditions
1=0, [(0)=1(0)=0;
n= 1, uyf () = ugl (), pyuy [ (%) = pgugn, ¢ (%) (31)
m—>o0, @(0)=1.
The solution may be represented in series form

Fln) = (/2) 72 — (2/2-5) 7 + . ..

G () = Fy+ (Fur2) (0 — V) — (FuFul2-3) (1 — ) + .. @2
At very small distances from the wall we need refa_in only the first rerms: |
| fln) =(a/2)72, G(n) =Fy+ (Ful2) (n—y)*—... (33)
Using conditions (31), we find the constant coefficient in (33)
a = (nglp) (v1/vg)"* (uglug)"=. (34)
In accordance with (34), function (33) becomes ‘
) = (vg201) (g g (ugley Ve (35)

Knowing the value of this function, we can easily find the diffusion flux. Taking into account (23), (24), and
(35), we express it as )

j=(D/2.9) (c1— o) Pr/s (pgfu 1)/> (vy/vg)/e X
X (ugluy )/ Vu /vy x.
After determination of the total diffusion flux, the criterial equation of mass transfer takes the form
Nu=0.12 Re"/:Pr'/s (pug/yul)‘“ (?l/VgY“ (ugluy )’z (36)
The factor taking account of the phase state is, in this case, the expression
(glpg) (v vg)'Vo (uagleay ) .
The velocity at the boundary of the two phases, with Eq. (85) taken into account, has the form

ux = Au l (Pg/P‘l ) (V l /Vg)‘/2 (Ug/u'l)a/z-
Let us find the criterial equation of film mass transfer for the given stream function. This is

Nu =1/ 24/ PeVs (ug/p)'s (v /g (gl .~ S
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Finally, let us write the stream function for the gas and the liquid in the following form:
by =F () Vtavy 5 dg=G(n) Viiagr.

In accordance with these values of the stream functions, the equations for (1) and G) respectively take the form
(30). which must be solved for the following boundary conditions:

=0, [(0)=7[(0);
o=, [ (4)=G(n,), (e, 7" [ () = (“g”gl/z) G" (m,); (38)
n—>w, G(w)=1.

The solution of Egs. (30) has the same form as (32). The constant o in ¢32), determined from conditions (38), has
the form

2= (pg/1) (v 17g)''* Fuo. (39)
Consequently, the function f(n) for very small distances from the wall, taking account of (39), has the form
Fln) = (1/2) (ngley ) (v1/9) " Fou 2. (40)

Taking f(n) from (40) and performing calculations for the diffusion flux similar to those performed above, we
write the criterial equation for the given case as

Nu = 0.12Re": Pr¥/s (ugluy ) (v; /vg)'/e. (41)
It follows from (41) that the factor which takes account of the properties of the contact phases is{ug/tt; )/° (v / vg)/e.
with account for the value of function (40), the velocity at the boundary of the two phases has the form

u, = Auy (pg/ng) (v /79)". (42)

The solution of the convective diffusion equation (27), with boundary conditions (28) and account for velocity
(42), is given by the expression

Nu==0.121 44/ Pe's (uglp1)/> (v g/, (43)
In (25). (29), (36), (37). (41), and (43), the diffusion parameter Nu should be calculated as described in [12] for
film absorbers.
According to (43), the factor taking account of the phase state is represented by the expression
(pglp- 1)/ (v vg) /e,
Thus, the criterial equation describing two-phasé film mass transfer must be written as
Nu = APe'sf,

Here, as shown above, the nature of factor f varies depending on choice of the stream function, and hence on the
velocity distribution for the gas and liquid flows.

NOTATION

Ue — velocity of undisturbed flow; ¥z, ¥, —stream functions for liquid and gas, respectively; vy, v, — viscosity
of liquid and gas, respectively; f — factor taking into account the physical properties of the contact phases; f (Pr) =
3 1
=1 [ exp{—(i2D) [ F®) d gl dt.
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